A new approach for testing fuzzy hypotheses based on fuzzy data is introduced. According to the proposed approach, a method is first developed based on the defined fuzzy point estimation, which are then used to make a procedure for testing fuzzy hypotheses. This approach has been used to test simple, one-sided and two-sided fuzzy hypotheses. Two new criteria, called degree of acceptance (DA) and degree of rejection (DR), have been proposed to evaluate the test result. The application of the proposed method to lifetime testing is studied.
Introduction
In classical inferential statistics, testing hypothesis is one of the most important and most investigated problems. The common approaches depend on precise data, exact hypotheses, and exact parameters. However, in practical situations, different kinds of uncertainty are present, especially in situations with imprecise data and/or imprecise hypotheses.
For example, in reliability analysis, measuring the lifetime of a battery may not yield an exact result. A battery may work perfectly over a certain period but be losing in power for some time, and finally go dead completely at a certain time. In this case, we may report the lifetime with words rather than numbers, such as: about 1000 (h), approximately 1400 (h), and so on. In addition, in the study of battery lifetime, we may like to test some non-precise (fuzzy) hypotheses. For instance, we may be interested in testing if the mean of lifetimes is "near to 1500 (h)" or, alternatively, it is much less than 1500 (h). As another area, in clinical treatments, some kind of diseases may be diagnosed by ill-defined criteria. For instance, the disease severity may be described as low, medium, high, very high, and so on. Similarly, in such studies, we may be interested in testing non-exact hypotheses. For example, we may like to test if the proportion of people infected by a certain virus is high (e.g., about 0.80) or, alternatively, if much less than 0.80. Many examples can be given from other fields in which the observed data and/or the hypotheses for testing are described in nonexact terms. New procedures will, therefore, be needed for the statistical analysis in such non-exact environments, based on soft computing methods 1 2 3 and/or using the methods of computing with words 4 5 . In recent decades, much attention has been devoted to the development of statistical methods in non-exact environments, using the fuzzy set theory. In the following, a brief review will be presented of some works on hypothesis testing in fuzzy environments.
The problem of testing hypotheses with fuzzy data, first, was considered by Casals and Gil 6 , Casals et al. 7 , Grzegorzewski 8 , and Wu 9 . Körner 10 proposed an asymptotic test for expectation of random fuzzy variables. Montenegro et al. 11 studied the problem of two sample hypothesis tests of means of a fuzzy random variable. Arnold 12 13 , Taheri and Arefi 14 , and Taheri and Behboodian 15 16 investigated the topic of testing statistical hypothesis when the hypotheses are presented by words rather than numbers. Arefi and Taheri 17 , Grzegorzewski 18 , Taheri and Behboodian 19 , and Torabi et al. 20 studied the problem of testing statistical hypotheses when both hypotheses and observations are fuzzy (see also Kruse and Meyer 21 ) . A generalized version of Neyman-Pearson lemma for testing fuzzy hypotheses using r-levels is investigated by Torabi 22 . The p-value approach to testing hypothesis in fuzzy environments has been studied by Filzmoser and Viertl 23 and Parchami et al. 24 25 . In addition, some hierarchical soft methods were developed for testing statistical hypotheses in fuzzy environments by Arefi and Taheri 26 , Buckley 27 , Chachi et al. 28 , Grzegorzewski 29 , Grzegorzewski and Hryniewicz 30 , Hryniewicz 31 , and Taheri and Hesamian 32 33 . For more studies about statistical methods in fuzzy environments, see, e.g. Taheri 34 and Viertl 35 36 .
This article is organized as follows. After reviewing some necessary concepts and notations in the present section, we will define, in Section 2, the concepts of fuzzy point estimation and fuzzy confidence interval when the available observations are fuzzy rather than crisp. In Section 3, we will investigate an approach to testing non-fuzzy hypotheses with fuzzy observations based on Kahraman's work (see Kahraman et al. 37 ). In Section 4, after introducing simple, one-sided and twosided fuzzy hypotheses, we will extend Kahraman et al.'s approach to the case when both the data available and the hypotheses of interest are fuzzy. A brief conclusion will be provided in Section 5.
First, let us recall some preliminary concepts and necessary notations about fuzzy sets and fuzzy numbers. For more details, see, e.g. Kruse and Meyer 21 and Klir and Yuan 38 . We place a "tilde" over a symbol to denote a fuzzy set. So, A : X 0 1 represents the membership function of the fuzzy set A. An α-cut of A, written A α , is defined as A α
x A´xµ α , for 0 α 1. A fuzzy number M is a fuzzy subset of the real numbers satisfying:
The set of all fuzzy numbers will be denoted by FN´Rµ. A trapezoidal fuzzy number (T FN) T , denoted by T á 1 a 2 a 3 a 4 µ T , is defined by four numbers a 1 a 2 a 3 a 4 with the following membership function (see Fig. 1 
Fuzzy confidence intervals
Let X 1 X n be a random sample of size n from a probability density function (or probability mass function) f´x; θ µ, with the observed values x 1 x n , where θ is the unknown parameter. Below, we investigate an approach to construct a fuzzy confidence interval for the unknown parameter θ , when the available data are fuzzy. In this regard, we recall two well-known definitions from classical statistics (Definitions 1 and 3), to consider them as basis for extension to the fuzzy environment. 
Definition 1 (see, Casella and Berger
Definition 5 One-sided crisp confidence interval: 
Note: For the numerical examples in this paper, we take the confidence level of´1 δ µ equal to 0 95. 
Testing hypotheses based on fuzzy data
In this section, based on fuzzy observations X 1 X n from a probability density function (or probability mass function) f´x; θ µ, we review an approach to test the following hypotheses 8 37 (we will extend this approach to fuzzy hypotheses in next section): Fig. 2-4  for the cases a, b, and c) . 
Definition 7 For testing the above hypotheses based on fuzzy data X
1 X n , a function Φ :´FN´Rµµ n P´ 0 1 µ given by Φ´ X 1 X n µ 0 i f θ 0 ¾´S Π ´S Π µ c µ 1 i f θ 0 ¾´S Π ´S Π µ c µ 0 1 i f θ 0 ¾´S Π S Π µ´7 µ is
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Remark 4 The above procedure can be reduced to the ordinary procedure for testing hypotheses, if the data set is crisp (non-fuzzy

Testing fuzzy hypotheses based on fuzzy data
In this section, we extend the concepts of simple and composite hypotheses to simple and composite fuzzy hypotheses. Then, we investigate a new approach for testing hypotheses based on fuzzy data when the hypotheses of interest are fuzzy, too. In the following, we investigate some methods to test the hypotheses in the following forms
For simplicity, we will consider the fuzzy number θ 0 to be a trapezoidal fuzzy number θ 0 The above areas are shown in Fig. 8-10 for the hypotheses a ¼ , b ¼ and c ¼ , respectively. 
Definition 9
For the above one-sided and two-sided fuzzy hypotheses and based on fuzzy data X 1 X n , a function Φ :´FN´Rµµ n P´ 0 1 µ given by Fig. 11 ). Fig.  12 ). Fig. 13 ). Fig. 14) . 
Conclusion
The new approach proposed in this paper for testing statistical hypotheses in fuzzy environments, which is an extension of the Kahraman et al.'s work 37 , has certain merits as follows:
I) It is established upon the concept of fuzzy confidence interval. (Note that, in classical testing hypotheses, there is a close relationship between interval estimation and hypothesis testing 39 ).
II) By introducing the concepts of degree of acceptance (DA) and degree of rejection (DR), the procedure enables us to test fuzzy hypotheses in a rather natural way.
III) This work can be regarded as a step toward the computing with words in the field of statistical intelligent analysis.
Applications of the proposed method in fuzzy regression models 41 and also in quality control 42 may be some directions for future researches.
